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Solving the Unit Problem: Environmentalist or Capitalist?

Section 1: Current Situation


Three pieces of land have been donated to San Francisco to be used for whatever purposes.  Due to George Lucas’s decision to move his company to Los Angeles, he has donated 300 acres, where LucasArts used to be in the Presidio, to the city.  The Navy also donated 100 acres of their Naval Shipyard in Hunter’s Point to the city.  Lastly, the SF Zoo, which came to the end of their lease, decided to close down and move all of the animals back to their natural habitats.  They donated 150 acres of land to the city, as well. In total, San Francisco has 550 acres of land to do whatever they want with. 


There are certain conditions for the use of the land.  Since there are many people in San Francisco with different opinions, there was much argument about the land.  A decision was made that some of the land would be used for recreation and some of the land would be used for development.  They came to an agreement that 300 acres of the donated land must be used for development and that, at most, 200 acres of the Naval Shipyard and the SF Zoo would be used for recreation.  They also agreed that the Naval Shipyard recreation land and LucasArts development land had to equal exactly 100 acres. The cost for improvement is listed in the chart below.

	Land
	Improvement Costs Per Acre for Recreation
	Improvement Costs Per Acre for Development

	LucasArts (Presidio)
	$50
	$500

	Naval Shipyard (HP)
	$200
	$2000

	SF Zoo (GG Park)
	$100
	$1000


The city wants to find a way to satisfy both parties at the lowest possible cost, while taking all of these things into account. The total cost can be calculated using the expression:

500LD + 50LR + 2000ND + 200NR + 1000ZD + 100ZR 
In order so solve this unit problem, we need to first organize our conditions into mathematical constraints, or in other words, equations and inequalities that represent the conditions of our problem.  For our constraints let’s use:


LD for acres of LucasArts land to be used for development


LR for acres of LucasArts land to be used for recreation

ND for acres of Naval Shipyard land to be used for development

NR for acres of Naval Shipyard land to be used for recreation

ZD for acres of Zoo land to be used for development

ZR for acres of Zoo land to be used for recreation
· Since the LucasArts land, which will be used for both development and recreation, totals 300 acres, we can write our constraint like this:

LR + LD = 300

· Since the Naval Shipyard land, which will be used for both development and recreation, totals 100 acres, we can write our constraint like this:

NR + ND = 100

· Since the Zoo land, which will be used for both development and recreation, totals 150 acres, we can write our constraint like this:

ZR + ZD = 150 

· At least 300 acres of land from LucasArts, the Naval Shipyard, and the Zoo must be used for development, so we can write our constraint like this:

LD + ND + ZD ≥ 300

· At most, 200 acres of land from the Naval Shipyard and the Zoo can be used for recreation, so we can write our constraint like this:

NR + ZR ≤ 200

· Since the land used from the Naval Shipyard for recreation and the land used from LucasArts for development must equal 100 acres, we can write our constraint like this:

NR + LD = 100

· The last six constraints deal with making sure we stay within real world conditions.  Of course, we can’t use negative land, so each piece of land must at least equal zero.  We can write our constraints like this:

LD ≥ 0

LR ≥ 0

ND ≥ 0

NR ≥ 0

ZD ≥ 0

ZR ≥ 0

Now that we have our twelve constraints, we can go about solving this problem by first finding all possible six-constraint combinations.  Then, we can use the substitution method to find out which, out of all combinations, can be eliminated.  After our list of combinations is narrowed down, we can find the values of each of the six variables in each combination using a basic understanding of matrices.  Finally, we can use our profit expression to figure out which combination will cost the city the least.

Section 2: Investigation

One of the steps in our problem is finding out all of the possible six-constraint combinations there are.  For this problem, there are 28 total.  In this write up I will refer to them by these numbers:

1.  LR + LD = 300

2.  NR + ND = 100

3.  ZR + ZD = 150

4.  LD + ND + ZD ≥ 300

5.  NR + ZR ≤ 200

6.  NR + LD = 100

7.  LR ≥ 0

8.  NR ≥ 0

9.  ZR ≥ 0

10.  LD ≥ 0

11.  ND ≥ 0

12.  ZD ≥ 0

Because constraints 1, 2, 3, and 6 are equations and are unchanging, they must always be in every possible combination.  To make is easier for ourselves, let’s put them in the beginning of every combination and substitute the last two spaces with other constraints.
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Out of these 28 combinations, there are some we can eliminate because some constraints, when paired with certain other constraints, become untrue.  By substituting constraints into others, we can see which combinations can be eliminated and which can stay.

Let’s start with constraint 7: LR ≥ 0 and substitute it into constraint 1: LR + LD = 300.

If LR ≥ 0, then 0 + LD = 300.

Then LD =300.

If that is true, then it violates constraint 6: NR + LD = 100, because NR + 300 ≠ 100.

So, we can eliminate all combinations with constraint 7.

What happens when we substitute constraint 10: LD ≥ 0 into constraint 4: LD + ND + ZD = 300?

If LD ≥ 0, then 0 + ND + ZD ≥ 300.

This means that ND +ZD has to equal at least 300.
If that is true, then it violates constraints 2: NR + ND = 100 and 3: ZR + ZD = 150.  

Then NR ≤ 100 and ZD ≤ 150, and NR + ZD = 250.

This violates constraint 4: LD + ND + ZD = 300 because 250 ≠ 300.
So, we can eliminate all combinations with constraint 10.

What about when we substitute constraint 11: ND ≥ 0 into constraint 2: NR + ND = 100?

If ND ≥ 0, then NR + 0 = 100.

Then NR = 100. 

Substituting this into constraint 6: 100 + LD = 100, LD must equal 0. 

Substituting LD = 0 and NR = 0 into constraint 4: LD + ND + ZD ≥ 300, 0 + 0 + ZD ≥ 300.

Then ZD ≥ 300.
If that is true, then it violates constraint 3: ZD + ZR = 150 because 300 + ZR ≠ 150.
So, we can eliminate all combinations with constraint 11.

All other constraints work, so we are left with a total of 10 combinations.  They are listed below:
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We can now convert information from these constraints into matrix form.  Matrices help us arrange mathematical information by sorting quantities into rows and columns, so that the whole matrix can be treated as one entity.  Matrices can be added and 
multiplied.  The rule for these operations is that only matrices with the exact same dimensions – meaning number of rows and columns – can be added, and only matrices with the same inner dimensions (the number of columns of the first matrix equals the number of rows of the second matrix) can be multiplied.  The dimensions of a matrix refer to the number of rows and columns, and is usually written like this: [a×b], a referring to the number of rows, and b referring to the number of columns.


For this situation we will be using matrices like the one shown below to organize our information: 

	
	LR
	NR
	ZR
	LD
	ND
	ZD

	1
	1
	0
	0
	1
	0
	0

	2
	0
	1
	0
	0
	1
	0

	3
	0
	0
	1
	0
	0
	1

	6
	0
	1
	0
	1
	0
	0

	4
	0
	0
	0
	1
	1
	1

	5
	0
	1
	1
	0
	0
	0


Information is recorded in matrices from left to right, top to bottom.  As you can see, the variables are the same six variables we have for this problem, and the numbers on the left represent refer to the constraints, which I will explain more about later on.  The numbers in this rectangular formation work just like a grid.  Examining it by row, then column, we will have a corresponding box.  So, for row “1”, column “LR,” there is a number 1.  This number represents the coefficient of the variable LR in constraint number 1, which is: 

LR + LD = 300.  Because there is another variable in this constraint with the coefficient of 1, I put it in the same row (since it applies to constraint “1”) and in column LD (since it refers to the coefficient of variable LD).  Other constraints can be translated into matrix rows just like this.
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	1
	1
	0
	0
	1
	0
	0
	
	LR
	
	300

	2
	0
	1
	0
	0
	1
	0
	
	NR
	
	100

	3
	0
	0
	1
	0
	0
	1
	×
	ZR
	=
	150

	6
	0
	1
	0
	1
	0
	0
	
	LD
	
	100

	4
	0
	0
	0
	1
	1
	1
	
	ND
	
	300

	5
	0
	1
	1
	0
	0
	0
	
	ZD
	
	200
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	1
	1
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	LR
	
	300

	2
	0
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	100
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	×
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	=  
	150
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An important thing to know about matrices is how to multiply them.  Although you can multiply them on a calculator, they are also quite easy to do manually.  After you’ve set up your matrices, which should be commensurate (the number of columns of the first matrix is the same as the number of rows of the second matrix), multiply row of the first matrix by column of the second matrix.  When multiplying matrices, the resulting matrix will have the outer dimensions (the number of rows of the first matrix and the number of columns of the second matrix) of the two matrices being multiplied. For example, let’s multiply a [2 ×3] by a [3×1].  The resulting matrix will be a [2×1].

	1
	2
	3
	
	
	
	
	
	1(1) + 2(2) + 3(3) = 14

	
	
	
	×
	1
	2
	3
	=
	

	4
	5
	6
	
	
	
	
	
	4(1) + 5(2) + 6(3) = 32


The next step in solving the unit problem is to use the matrices to find the total costs of each of these combinations.  Then, we can check if the combinations fit the constraints, and then select the combination that will cost the city the least.  In order to find the values of all six variables in each combination, we need to use inverses.

Inverses of matrices work like the inverses of fractions.  When we want to divide fractions we multiply the first fraction by the inverse (or the reciprocal) of the second fraction.  For example: 
1/5 ÷ x = 10







     
(5/1) 1/5 ÷ x = 10 (5/1)
Multiply both sides by inverse




1 ÷ x = 50


Simplify equation




(x) 1 ÷ x = 50 (x)

Multiply both sides by x 




1 = 50x 


Simplify equation




1/50 = x 


Divide both sides by 50
We can apply this method of inverses to matrices.  An easy way to find the inverse of a matrix is using a calculator, which is the method I used to solve this part of the unit problem.  What the calculator does is finds the values of the variables in the matrix equation.   From these values, we are able to check if they fit all the constraints, and then find the cost using the cost expression.  My findings are listed below: 

​​​

LR  = 200

NR = 0

ZR = 50

LD = 100

ND = 100

ZD = 100

100 + 200 = 300, which equals 300

100 + 0 = 100, which equals 100

50 + 100 = 150, which equals 150

100 + 100 + 100 = 300, which is ≥ 300

0 + 50 = 50, which is ≤ 200

0 + 100 = 100, which equals 100 

The combination fits all the constraints, so we can find a solution by substituting the above values into our cost expression:

50(200) + 200(0) + 100(50) + 500(100) + 2000(100) + 1000(100) = $365, 000.

LR = 225

NR = 25

ZR = 0

LD = 75

ND = 75

ZD = 150

225 + 75 = 300, which equals 300

25 + 75 = 100, which equals 100

0 + 150 = 150, which equals 150

75 + 75 + 150 = 300, which is ≥ 300
25 + 0 = 25, which is ≤ 200
25 + 75 = 100, which equals 100

The combination fits all constraints, so we can find a solution by using the same process as above.

50(225) + 200(25) + 100(0) + 500(75) + 2000(75) + 1000(150) = $353, 750.

LR = 250

NR = 50

ZR = 150

LD = 50

ND = 50

ZD = 0

250 + 50 = 300, which equals 300

50 + 50 = 100, which equals 100

150 + 0 = 150, which equals 150

50 + 50 + 0 = 100, which is ≠ 300

50 + 150 = 200, which is ≤ 200
50 + 50 = 100, which equals 100

This combination does not fit all constraints, so we will not find a solution for this case.

LR = 200

NR = 0

ZR = 150

LD = 100

ND = 100

ZD = 150

200 + 100 = 300, which equals 300

0 + 100 = 100, which equals 100

0 + 150 = 150, which equals 150

100 + 100 + 150 = 350, which is ≥ 300

0 + 0 = 0, which is ≤ 200

0 + 100 = 100, which equals 100
This combination fits all constraints, so we can use the same method we’ve been using to find a solution.

50(200) + 200(0) + 100(0) + 500(100) + 2000(100) + 1000(150) = $410, 000.

Section 3: Recommendation

Based on the allocations of land and the given constraints for how the land should be distributed, I recommend the following combination:  

LR = 225 acres

NR = 35 acres

ZR = 0 acres

LD = 75 acres

ND = 75 acres

ZD = 150 acres

This combination would cost the city $353, 750.  I chose this combination because it is the one that fits all the listed conditions for distributing the land at the lowest possible cost.  Based on my math, we can see just how I came to this conclusion.

If I were to make a recommendation based only on the constraints that tell us how much land was donated by whom (LR + LD = 300, NR + ND = 100, and ZR + ZD = 150), I would suggest the following combination:

LR = 100 acres

NR = 25 acres

ZR = 125
LD = 200 acres

ND = 75 acres

ZD = 25 acres

50(100) + 200(25) + 100(125) + 500(200) + 2000(75) + 1000(25) = $297, 500.

This combination will cost the city $297, 500. The major changes I made from the combination I found based on lowest cost, were in the distribution of land between development and recreation of Naval Shipyard land and Zoo land.  Since the Naval Shipyard is located in a toxic area, I do not recommend building many parks and recreational areas, and would rather have the land used for development.  Because the Zoo is already built for outdoors, it would be a good idea to use most of that land for recreation.  Fans of the SF Zoo would probably feel better about using the area for recreation instead of buildings/housing.  As for LucasArts land, I would use the land for development because I already used a lot of the land for recreation and the Presidio is a nice area to work in.  Also, the buildings of LucasArts would provide a lot of already built workspace.

Section 4:


Possible errors could have occurred when entering matrices and/or numbers into the calculator.  Sometimes, I can make careless mistakes and not check them when I am rushing or not paying much attention to my calculator screen.  Wrong matrix equations entered into the calculator can produce the wrong results and therefore affect the total costs.  

I exhibited the following leaderships skills during the completion of my project: solving problems resourcefully and communicating with clarity and precision.  I think I grew the most in solving problems resourcefully because I have, many times, needed a lot of help in solving the unit problem, but this time, it was a lot easier because I understood the big picture quite well.  Communicating with clarity and precision through writing has never been a problem for me, except for that I usually write too much when I am explaining my thoughts, procedures, and results.  My goal for this report was to make my explanations succinct, as my last math teacher suggested after I turned in a really long portfolio.

None of the problem solving process was significantly difficult for me, but some concepts were harder to grasp than others.  At first, I was confused as to why we were eliminating certain combinations and not keeping them.  I was also a little confused about how the inverses of matrices would help us solve the problem.  Asking clarifying questions to my peers helped me understand the material a lot better, and I was even able to help others understand things better once I got it down.

Math this year was pretty interesting.  There were a couple units that were difficult for me, but a lot of what I learned in IMP 2 helped me this year.  I can really see how all of the IMP years tie in.  Math class was a lot more structured this year, and that helped with planning projects and long-term assignments, but more hands-on stuff would have made the class more exciting.  I am a little worried that we did not get to the Orchard Hideout unit because we did not cover a lot of geometry this year, and we are expected to know about circles and other geometry-related topics when we take standardized testing.

